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We theoretically demonstrate that the transport inefficiency recently found experimentally for
branched-out mesoscopic networks can also be observed in a quantum ring of finite width with an
attached central horizontal branch. This is done by investigating the time evolution of an electron
wave packet in such a system. Our numerical results show that the conductivity of the ring does not
necessary improves if one adds an extra channel. This ensures that there exists a quantum analogue
of the Braess Paradox, originating from quantum scattering and interference.
PACS numbers: 73.63.-b, 85.35.Ds, 73.63.Nm
I. INTRODUCTION
Suppose that two points A and B of a network are
connected only by two possible paths (e.g. roads in a
traffic network, or wires in an electricity network). One
would intuitively expect that adding to the network a
third path connecting these two points would lead to an
improvement of the flux through the pre-existing roads
and, consequently, to a transmission enhancement. How-
ever, the so-called Braess paradox1–3 of games theory
states that this is not necessarily the case: under specific
conditions,4 adding a third path to a network may lead
to transport inefficiency instead. This effect has been
even observed in traffic networks in big cities, where clos-
ing roads improves the flux in traffic jams,5 or in elec-
tricity networks, where it has been demonstrated that
adding extra power lines may lead to power outage, due
to desynchronization.6–8
A recent paper9 showed both experimental and theo-
retical evidence of a very similar effect, but on a meso-
scopic scale: they observed that branching out a meso-
scopic network does not always improve the electrons
conductance through the system. As they were deal-
ing with a system consisting of wide transmission chan-
nels, quantum interference effects are not expected to be
relevant.10
In this paper, we demonstrate that the transport in-
efficiency in branched out devices also occurs on a nano
scale, when only few sub-bands are involved, and trans-
port is strongly influenced by quantum effects. For this
purpose, we investigate wave packet propagation through
a circular quantum ring attached to input (left) and out-
put (right) leads,11 in the presence of an extra chan-
nel passing diametrically through the ring. Our results
demonstrate that increasing the extra channel width does
not necessarily improve the overall current. The funda-
mental reasons behind this effect, which are related to
quantum scattering and interference, are discussed in de-
tails in the following Sections.
II. THEORETICAL MODEL
We consider an electron confined in a circular quantum
ring attached to input (left) and output (right) leads,11
in the presence of an extra channel passing diametrically
through the ring, as sketched in Fig. 1(a). Both the
ring and the leads are assumed to have the same width
W = 10 nm, whereas different values of the extra channel
width Wc are considered.
As initial wave packet, we consider a plane wave with
wave vector k0 =
√
2meǫ/~, where ǫ is the energy and me
is the electron effective mass, multiplied by a Gaussian
function in the x-direction, and by the ground state φ0(y)
of the input channel in the y-direction,
Ψ(x, y, 0) = exp
[
ik0x−
(x− x0)2
2σ2x
]
φ0(y). (1)
Several papers have reported calculations on wave packet
propagation in nanostructured systems,12–15 hence, a
number of numerical techniques for this kind of calcula-
tion is available in the literature, such as the expansion of
the time evolution operator in Chebyshev polynomials,16
and Crank-Nicolson based techniques.17 In the present
work, the propagation of the wave packet in Eq. (1)
is calculated by using the split-operator technique11,18,19
to perform successive applications of the time-evolution
operator, i.e. Ψ(x, y, t+∆t) = exp [−iH∆t/~]Ψ(x, y, t),
where ∆t is the time step. The Hamiltonian H is written
within the effective mass approximation, describing an
electron constrained to move in the (x, y)-plane and con-
fined, by external potential barriers of height V0, to move
inside the nanostructured region represented in gray in
Fig. 1(a), where the potential is set to zero. The interface
between the confinement region and the potential bar-
rier is assumed to be abrupt. Nevertheless, considering
smooth potential barriers would not affect the qualitative
behavior of the results to be presented here, since the ef-
fect of such smooth interfaces has been demonstrated to
be mainly a shift on the eigenenergies of the system.20,21
The (x, y)-plane is discretized in a ∆x = ∆y = 0.4
nm grid, and the finite differences technique is used to
2FIG. 1: (a) Sketch of the system under investigation: a
quantum ring with average radius R, attached to input (left)
and output (right) channels with the same width as the ring
(W = 10 nm), and to an extra horizontal channel of width
Wc. (b) Contour plots of the transmission probabilities as
a function of the extra channel width and ring radius. The
solid, dashed and dotted lines indicate seven minima that are
discussed in the text. A zoom of the 4 nm < Wc < 16 nm
region with the logarithm of the transmission is shown in (c).
perform the derivatives coming from the kinetic energy
terms of the Hamiltonian. Imaginary potentials22 are
placed on the edges of the input and output channels, in
order to absorb the propagated wave packet and avoid
spurious reflection at the boundaries of the computa-
tional box. As the wave packet propagates, we compute
the probability density currents at the input and output
leads, which, when integrated in time, gives us the re-
flection and transmission probabilities, respectively, from
which the conductance can be calculated.
As the fabrication of InGaAs quantum ring structures
have already been reported in the literature,23 we assume
that the ring, channel and leads in our model are made
out of this material, so that the electron effective mass
is taken as me = 0.041m0. Nevertheless, the qualitative
features of the results presented in the following Section
does not depend on specific material parameters.
III. RESULTS AND DISCUSSION
Contour plots of the calculated transmission probabili-
ties are shown in Fig. 1(b) as a function of the ring radius
R and the widthWc of the extra channel. Notice that the
extra channel in the system is opened in the horizontal
direction, namely, parallel to the input and output leads,
being practically just a continuation of these leads. Even
so, instead of improving the transmission, the existence
of such a channel surprisingly reduces the transmission
probability for specific values of Wc, leading to several
minima in each curve. In what follows, we discuss the
origin of several of these minima, indicated by the solid,
dashed and dotted curves in Fig. 1(b).
The position of the minima labeled as 1, 2 and 3 in
Figs. 1 (b,c) changes with the ring radius, which indi-
cates that these minima are related to a path difference,
i.e. to an interference effect. Let us provide other ar-
guments to support this indication: in a very simplis-
tic model, consider that part of the wave packet travels
through the central channel, while the other part passes
through the ring arms. The latter runs a length ≈ πR
while going from the input to output leads, whereas the
former runs through the 2R diameter of the ring. The
condition for destructive interference is:
γ
πR
λ
− 2R
λ¯
= n+
1
2
, (2)
where λ = 2π
/√
2meǫ/~2 (λ¯ = 2π
/√
2me(E − E¯j)/~2)
is the wave length in the ring arms (extra channel), Ei
(E¯j) is the energy of the i-th (j-th) eigenstate of the input
lead (extra channel), and E = ǫ+ Ei is the total energy
of the wave packet. The parameter γ is close to one and
accounts for the fact that the effective arm length may be
slightly different from πR [see Fig. 1(a)]. By substituting
these expressions for λ and λ¯ in Eq. (2), one obtains
E¯j = E −
~
2π2
2me
[
γ
2
√
2me
~2
ǫ−
(
n+
1
2
)
1
R
]2
, (3)
Hence, this equation gives the condition for the interfer-
ence related minima in the transmission probability. The
extra channel eigenstates E¯j depend on Wc - which can
be fairly well approximated by E¯j ≃ β/W 1.85c for large
Wc (notice that the structure has finite potential barriers,
therefore, the infinite square well relation E¯j ∝ 1/W 2c , is
no longer valid). Therefore, the minima for large Wc are
expected to occur for
W (n)c =


β
E − ~2π22me
[
γ
2
√
2me
~2
ǫ −
(
n+ 12
)
1
R
]2


1/1.85
,
(4)
which are shown in Fig. 1(b) by black dashed lines for
n = 1, 2 and 3. The model fits very well the numeri-
cally obtained positions for these minima for γ = 0.865.
The n = 0 minimum occurs outside of the investigated
range Wc. The wave packet in this case has total en-
ergy E = 124 meV, with ǫ = 70 meV and E0 = 54
meV (ground state of the W = 10 nm input lead). For
the 26 nm < Wc < 42 nm range in Fig. 1(b), the eigen-
states of the channel, which are accessible by the electron
with this energy, are the ground state and the second ex-
cited state. The first and third excited states, although
still having energy lower than 124 meV for this range of
Wc, are not accessible by the wave packet because of the
even symmetry of the initial wave packet with respect to
the x-axis, while these excited states of the channel are
3FIG. 2: Snapshot of the propagating wave function at t = 900
fs for two values of the extra channel width: 19 nm (a) and
20 nm (b).
odd. Therefore, the part of the wave packet that goes
through the central channel under these conditions pop-
ulates mostly the second excited state, but has also some
projection on the ground state and none on the other
states. The fitting of E¯j for the second excited state (j
= 2) has β ≈ 3000 meV nm1.85, which is the value used
in Eq. (4) to obtain the dashed curves in Fig. 1(b).
The n = 1, 2 and 3 minima occurring for 7 nm < Wc <
15 nm in Fig. 1(b) can also be obtained from Eq. (4)
but, since this is a lower Wc range, the dependence of
E¯j on Wc will have a different exponent, one needs to
replace 1.85 by 1.50 in Eq. (4). Besides, for such low
Wc, the wave function travels predominantly through the
ground state sub-band of the extra channel, so that one
must consider the j = 0 state of this channel, which has
β ≈ 56.99 meV nm1.50 in this range. The results for this
model are shown as black dotted lines in Fig. 1(b). To
show these minima more clearly, we present in Fig. 1
(c), a magnification of the logarithm of the probability
in the low Wc region. The numerically obtained minima
are well fitted by the model of Eq. (4) for γ = 0.925 with
n = 1, 2, ...4 (see dotted lines).
In order to demonstrate that for lower (higher) val-
ues of Wc the wave function inside the extra channel is
predominantly in its ground (second excited) state, Fig.
2 shows a snapshot of the propagating wave function at
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FIG. 3: Probability density currents as a function of time,
calculated (a) in the input lead and (b) in the extra channel,
for different values of the extra channel width Wc, for wave
packet energy ǫ = 70 meV.
t = 900 fs for two values of the extra channel width: Wc
= 19 nm (a) and 20 nm (b). In the former case, the wave
function inside the extra channel exhibits predominantly
a single maximum peak around y = 0, which suggests
a large contribution of the ground state eigenfunction
in the wave packet within this region. Similar results
are obtained for lower values of the channel width Wc.
However, the results for a slightly larger Wc = 20 nm
are qualitatively different, exhibiting three peaks along
the y-direction inside the extra channel, which implies
a higher contribution of the second excited state on the
wave function in this region.
Differently from the other minima, the position of the
first minimum M in Fig. 1(b) appears around Wc = 5
nm and does not change with the radius R. Therefore,
this minimum cannot be related to the above discussed
interference effect. In order to understand the origin of
the M minima, we show in Fig. 3 the integrated current
Jt in the input lead and the extra channel. Fig. 3(a)
exhibits a high negative peak for Wc = 2 nm and 5 nm
at ≈ 100 fs and ≈ 140 fs, respectively, which represents a
strong reflection of the wave packet at the ring - channel
junction.24 This is confirmed by the very low currents
observed for these cases inside the extra channel, in Fig.
3(b). On the other hand, for Wc = 7 nm the reflec-
tion peak in the input lead becomes very weak, while for
Wc = 10 nm, almost no reflection is observed. For the
latter two cases instead, large current peaks are observed
inside the extra channel. This is a clear indication that
the transmission inefficiency in the low Wc case is not
related to interference effects, but rather to scattering at
the ring-channel junction, since the wave packet barely
4enters the extra channel when it is too narrow.
We discuss now the possibility of having part of the
incoming wave packet passing through a narrow extra
channel. Both the leads and the extra channel have dis-
crete eigenstates due to the quantum well confinement
in the y-direction, whose energy levels are shown in Fig.
4(a) as a function of the well width. In the x-direction,
parabolic sub-bands stem from these eigenstates, as illus-
trated in Fig. 4(b). The incoming wave packet consid-
ered in Figs. 1 - 3 has ǫ = 70 meV on top of its ground
state energy in the input lead, E0 = 54 meV (for W = 10
nm). This energy is represented by the dotted horizontal
lines in Figs. 4(a) and (b). The wave packet has a Gaus-
sian distribution of energies of width ∆E = ~2/mek0∆k,
where ∆k = 2
√
ln2/σx is the full width at half maxi-
mum (FWHM) of the wave vector distribution, which is
represented by the shaded area around the dotted line
in Fig. 4(a). A narrow extra channel has a very high
ground state sub-band energy, so that no component of
the incoming wave packet energy has enough energy to
pass through the channel. As the extra channel widthWc
increases, its sub-band energies decrease, allowing the in-
coming wave packet to travel through this channel. These
two situations are illustrated in the upper and lower fig-
ures of Fig. 4(b), respectively. Notice that the upper
boundary of the energy distribution (shaded area) in Fig.
4(a) is crossed by the second excited state energy curve
(blue triangles) approximately at W = 20 nm. This ex-
plains the drastic difference between the wave functions
within the extra channel with Wc = 19 nm and 20 nm,
observed in Fig. 2: in the latter case, the wave function
has a significantly larger part of its energy distribution
above the second excited state energy, allowing it to have
a larger projection on this state.
Therefore, the counter-intuitive result observed in
Figs. 1, namely, the transmission reduction as the ex-
tra channel width increases for lower values of Wc, is a
pure quantum scattering effect. For classical particles,
such an extra channel with any width would allow the
passage of the particles and, consequently, improve the
transmission. However, a quantum channel has a con-
finement energy (ground state) and, if the energy of the
incoming particle is lower than this minimum, the par-
ticle is not allowed to pass through the channel. There-
fore, adding a narrow extra channel to the system, which
effectively also adds extra scattering, does not add an
extra path for the wave packet, because of the very high
ground state energy of the narrow channel. This mech-
anism, which is illustrated by the band diagrams in Fig.
4(b), leads to the strong reflections observed in Fig. 3
for Wc = 2 nm and 5 nm. For Wc > 5 nm, a significant
part of the E = 70 meV wave packet has enough energy
to go through the extra channel, explaining the increas-
ing transmission as Wc increases above 5 nm. This also
suggests that incoming wave packets with higher energy
would need lower extra channel widths to pass, which is
indeed observed, as we will discuss further on.
In fact, the position of M strongly depends on the
FIG. 4: (a) Eigenstates of a finite quantum well as a function
of its width. (b) Diagram representing the energy sub-bands
in the input lead and in the extra channel. The horizontal
dotted line is the average energy of the wave packet used
in Figs. 1 and 3, and the shaded area in (a) illustrates the
FWHM of the energy distribution of this wave packet.
wave packet energy, as shown in Fig. 5(a), where the
transmission probability in the vicinity of M is plotted
as a function of the channel width Wc for several val-
ues of the energy, ranging from 70 meV (bottom curve)
to 120 meV (top curve), with 10 meV intervals. The
ring radius is fixed as R = 60 nm, and each consecu-
tive curve in this figure is shifted by 0.1. If the energy
dependence of the position of M is due to the above dis-
cussed quantum effect, it should be possible to predict
the position of these minima from the following argu-
ment: the highest energy components of the wave packet
have energy around ≈ E + ∆E/2. These components
would be allowed to pass through the extra channel, con-
sequently improving the current, provided the channel
width is wide enough to have a ground state energy as
low as their energy, i.e. if E¯0 < E + ∆E/2. For low
values of Wc, the ground state energy of the channel is
well approximated by E¯0 = α/W
1.04
c , for α = 8.65 eV, as
shown by the green dashed line (f2(W ) function) in Fig.
5(b). Notice it is a different power from the one used in
Eq. (4), which is valid only for higher Wc values. The
red dotted line (f1(W ) function) in Fig. 5(b) is an ex-
ample of fitting for high values of Wc, which was used in
Eq. (4). Figure 5(b) is in log-log scale, so that the power
laws in f1(W ) and f2(W ) are shown as straight curves,
whose slopes are the functions’ exponents. Using this
expression for E¯j , one obtains the following approximate
expression for the position of the M minima
W (M)c =
6103(
ǫ+ E0 + ~
√
ǫ
2me
∆k
)1/1.04 , (5)
which is shown by the solid curve in Fig. 5(c). Notice
the rather good agreement with the numerically obtained
positions of the M minima, represented by the symbols.
It is important to point out that the exponents 1.85,
1.50 and 1.04, as well as the values of α and β, found for
5M
FIG. 5: (a) Transmission probabilities as a function of the
extra channel width in the vicinity of the minimum labeled as
M in Fig. 1(a), for several values of the wave packet energy
ǫ = 70 (bottom curve), 80, ... 180 meV (top curve). The
curves were shifted 0.1 up from each other, in order to help
visualization. (b) Energy levels (solid) as a function of the
channel width, plotted in a log scale, along with two fitting
functions (dashed curves), for large (f1) and small (f2) values
of the channel width. (c) Numerically obtained (symbols)
positions of the M minima as a function of the wave packet
energy, along with the results (solid curve) of the analytical
model, given by Eq. (5).
the fitting functions for the eigenstate energies as a func-
tion of the well width and used in Eqs. (4) and (5), were
obtained for an abrupt interface between the potential
barriers and the confining region. These values must be
slightly modified in the case of smooth potential barriers.
Our results, therefore, demonstrate that theM minima
in Figs. 1 and 5 are a consequence of a competition be-
tween two effects: (i) the quantum scattering in the ring-
channel junction, which increases the reflection when a
narrow extra channel is added, and (ii) the improvement
in the transmission resulting from the part of the wave
packet that has enough energy to propagate through the
sub-bands of the extra channel. The former suggests that
adding extra scatterers at the input lead-ring junction
leads to a larger reflection back into the input lead. In
order to verify this, we consider two situations that mimic
the appearance of an extra “blind” channel (see insets of
Fig. 6): one is the presence of an attractive Gaussian
potential11 Va(x, y) = −VG exp
{
[(x − xg)2 + y2]/2σ2G
}
close to the lead-ring junction, and the other is a circular
bump of radius Rb in the inner boundary of the ring. Fig.
6 shows the transmission probabilities for ǫ = 70 meV as
a function of the Gaussian potential depth VG (bottom
axis) and the radius Rb (top axis) of the circular bump.
In both cases, the transmission is reduced in the presence
of the extra scatterer, which supports the idea that the
transmission reduction in the low Wc range in Figs. 1
and 5 is indeed a consequence of extra scattering created
by the opening of the extra channel, which is however
effectively blind, since the bottom of the ground state
sub-band of the a narrow channel has energy higher than
that of the incoming electron wave packet.
All the results in this work were calculated for sharp
connections between the ring, the extra channel, and the
input and output leads. However, qualitatively similar
results are also obtained for smooth junctions11 between
these parts of the system. Moreover, different ring ge-
ometries would shift the high Wc minima, which are re-
lated to quantum interference, by effectively changing the
electronic paths, while impurities in the ring could sup-
press these minima, by destroying phase coherence. How-
ever, neither impurities nor different ring geometries can
affect the low Wc minimum (M), since it is related only
to quantum scattering in the input lead-ring junction,
which does not depend on these features.
The original version of the Braess paradox, described
in details in Ref. 1, discusses how the travel time be-
tween two points connected by only two possible roads,
A and B, changes if these two roads are inter-connected
by a third road C. If one considers that the traffic at spe-
cific parts of A and B depend on the number of drivers in
these roads, then, depending on the (partial) travel time
through this new connection C, the dominant strategy
turns out to consist in starting in one road and changing
to the other road through the connection C, and there-
fore, all players (drivers) would take this path. This
strategy, though leading to the Nash equilibrium situ-
ation of this system, represents an increase in the travel
time - lower travel times could even be reached if the
drivers agree not to use the connection C a priori, but
in a scenario of selfish drivers, they would switch roads
until the equilibrium is reached, despite the reduction
in overall performance. Therefore, the classical Braess
paradox is closely related to an unsuccessful attempt to
optimize the travel time through a traffic network by the
drivers. The transport properties of the branched out
mesoscopic network investigated in Refs.9,10 is reminis-
cent of those of the roads network in the original Braess
paper just in the sense that it exhibits a reduced overall
current when an extra channel is added to the network,
depending on the channel width. However, the funda-
mental reason behind this phenomenon is not clear in
Refs.9,10 - it cannot be an interference effect, since this
is not a coherent system, but it is not also due to an
optimization of the currents, as in the classical paradox,
since the model in these papers does not involve non-
linear equations or iterative calculations of the overall
current flow. On the other hand, for the quantum case
investigated here, where such a transmission reduction
in the presence of an extra channel is also observed, the
main reason behind this Braess-like paradoxical behavior
is quite clear: for small values of the channel width, it
is due to quantum scattering effects at the ring-channel
junction, whereas for larger widths, it is due to interfer-
ence effects. Therefore, if one includes the transmission
60 100 200 300 400
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0 1 2 3 4 5
T
ra
n
sm
is
si
o
n
V
G
(meV)
R
b
(nm)
FIG. 6: Transmission probabilities for a ǫ = 70 meV wave
packet scattered by two kinds of defects in the lead-ring junc-
tion: a Gaussian attractive potential of depth VG (solid, bot-
tom axis) and width σG = 5 nm, and a circular bump of radius
Rb (dashed, top axis), which are schematically illustrated in
the lower and upper insets, respectively.
reduction phenomena described here into the category
of analogs of Braess paradox, one must keep in mind
that, just like most of the other analogs suggested in the
literature6–9, although presenting results similar to those
of the original Braess network, in the sense that more
paths leads to reduced performance, the reason behind
this reduction is not related to an attempt to optimize
the flux, but to other fundamental physical properties of
the investigated system.
IV. CONCLUSIONS
We have investigated the propagation of a wave packet
through a quantum ring with an extra channel along its
diameter. Surprisingly, our results demonstrate that even
when an extra channel is added in the horizontal direc-
tion, as a continuation of the input and output leads, the
transmission through the whole system can be lower than
in the absence of such an extra current path. This is ev-
idence of the ”Braess paradox analog” observed recently
for mesoscopic networks. Nevertheless, while the original
Braess paradox in games theory is explained in terms of
an attempt to optimize the flux, which eventually leads
to transport inefficiency in the equilibrium situation, the
transport inefficiency observed for the wave packet prop-
agation in quantum systems originates from two possible
effects: (i) the quantum scattering of the wave packet
in the input channel-ring junction, along with the ab-
sence of an allowed energy sub-band for propagation in
the central channel when it is too narrow, and (ii) the
quantum interference between parts of the wave packets
that passed through the central channel and those that
propagated through the rings arms.
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